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ASYMPTOTICS-BASED CI MODELS FOR ATOMS: PROPERTIES,
EXACT SOLUTION OF A MINIMAL MODEL FOR LI TO NE, AND
APPLICATION TO ATOMIC SPECTRA∗
GERO FRIESECKE† AND BENJAMIN D. GODDARD‡
Abstract. Conﬁguration-interaction (CI) models are approximations to the electronic Schro¨-
dinger equation which are widely used for numerical electronic structure calculations in quantum
chemistry. Based on our recent closed-form asymptotic results for the full atomic Schro¨dinger equa-
tion in the limit of ﬁxed electron number and large nuclear charge [SIAM J. Math. Anal., 41 (2009),
pp. 631–664], we introduce a class of CI models for atoms which reproduce, at ﬁxed ﬁnite model
dimension, the correct Schro¨dinger eigenvalues and eigenstates in this limit. We solve exactly the
ensuing minimal model for the second period atoms, Li to Ne, except for optimization of eigenvalues
with respect to orbital dilation parameters, which is carried out numerically. The energy levels and
eigenstates are in remarkably good agreement with experimental data (comparable to that of much
larger scale numerical simulations in the literature) and facilitate a mathematical understanding of
various spectral, chemical, and physical properties of small atoms.
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atoms
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1. Introduction. From the early days of quantum mechanics it has been clear
that the chemical behavior of atoms and molecules is governed by their energy levels
and electron conﬁgurations, which in turn are determined, to very high accuracy, by
the eigenvalues and eigenstates of the Schro¨dinger equation Hψ = Eψ. But 80 years
on, high-accuracy numerical computation of such data remains a largely unresolved
challenge, even for the smallest of systems such as a single carbon atom. The only
computations of which we are aware which meet the mathematical ideal [BLWW04] of
convergence tables showing an increasing number of converged digits as a function of
basis set size or number of iteration steps (for a reproducibly documented algorithm for
the original problem) concern two-electron systems such as He and H2. See [KNN08]
for recent advances and references.
The underlying reasons are twofold.
First, a “curse of dimension” phenomenon is present: the Schro¨dinger equation
for an atom or molecule with N electrons is a partial diﬀerential equation in R3N ,
so direct discretization of each coordinate direction into K gridpoints yields K3N
gridpoints. Thus the Schro¨dinger equation for a single carbon atom (N = 6) on a
ten-point grid in each direction (K = 10) already has a prohibitive 1018 degrees of
freedom.
Second, one is dealing with a tough multiscale problem: chemical behavior is
not governed by total energies but by small energy diﬀerences between competing
states. Even for very small systems, these are typically several orders of magnitude
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smaller than total energies. For instance, as shown in the table below, the spectral
gap between ground state and ﬁrst excited state of the second period atoms is less
than 1% of the total size of these energy levels in all cases and only about 0.1% for
carbon, nitrogen, and oxygen. Nevertheless this tiny gap is of crucial importance, as
the two states it separates have diﬀerent spin and angular momentum symmetry, and
hence completely diﬀerent chemical behavior.
Table 1
Multiscale structure of atomic spectra (experiment, [RJK+07]).
Atom Li Be B C N O F Ne
Ratio of ﬁrst spectral gap
to ground state energy
0.0093 0.0068 0.0053 0.0012 0.0016 0.00096 0.0078 0.0047
To deal with the curse of dimension, in quantum chemistry a large array of
reduced models has been developed. For small systems with up to one or two
dozen electrons, the most accurate and most widely used class of models are the
conﬁguration-interaction (CI) models, whose origins go back to the early years of
quantum mechanics (see, e.g., [Hyl29]) and whose systematic development started
with the work of Boys [Boy50] and Lo¨wdin [Loe55]. Roughly speaking, these are
“tensor product Galerkin approximations”: the full electronic Schro¨dinger equation
is projected onto a subspace spanned by carefully chosen Slater determinants (=
antisymmetrized tensor products), which are in turn formed from a small set of or-
bitals (= elements of the single-particle Hilbert space L2(R3 × Z2)).
Diﬀerent CI models diﬀer by the choice of orbitals and the selection of the subset
of Slater determinants. The question of how to best make these choices remains the
subject of a great deal of current research in the quantum chemistry literature, with
the best methods to date relying on a combination of chemical intuition, computa-
tional experience, and nonlinear parameter optimization, as well as on a huge number
(between 106 and 109) of included determinants. See [SO96, HJO00] for a general
overview of the CI method and its most common variants such as doubly excited CI
(DCI), multideterminant Hartree–Fock (MDHF), complete active space self-consistent
ﬁeld method (CASSCF), coupled-cluster theory (CC), and the (desirable but usually
not practical) full CI (FCI), and see, e.g., [BT86, TTST94, KR02, BM04, CNMCJ05,
Joh06, NNKI07, KNN08] for applications to atomic energy level calculations.
Our goal in this paper is to introduce, analyze, and apply to atomic energy level
prediction a particular class of CI models for atoms which exploit our recent closed-
form asymptotic results for the full atomic Schro¨dinger equation in the limit of ﬁxed
electron number N and large nuclear charge Z [FG09]. Namely, we require that the
model of ﬁxed ﬁnite subspace dimension K reproduce correctly the ﬁrst K Schro¨dinger
eigenvalues and eigenstates in this limit.
That such a requirement can be met by a ﬁxed-resolution CI model is not trivial
(for example, it is not met by Hartree–Fock theory, even in an inﬁnite, complete one-
electron basis), but by a simple consequence of the asymptotic results in [FG09] (see
section 2.4).
The above limit exhibits the important multiscale eﬀect, shown experimentally
in Table 1, that the ratio of ﬁrst spectral gap ΔE to ground state energy E of the
Schro¨dinger equation tends to zero [FG09]. The requirement that the corresponding
eigenstates and gaps be nevertheless captured correctly by an approximation should
hence be relevant to yielding good eigenstates and gaps in the realistic situation when
this ratio is small.
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In fact, even the minimal asymptotically correct CI model for atoms and ions
with 1 to 10 electrons (see (A′), (B′), (C′) in section 2.4), whose subspace dimension
turns out to be 8, 28, 56, 70, 56, 28, 8 for Li, Be, B, C, N, O, F, turns out to be very
interesting.
(i) We ﬁnd that the requirement of asymptotic correctness leads to Slater orbitals
P (x)e−γ|x| (where P is a polynomial and γ > 0 a constant), not to the
Gaussian orbitals P (x)e−γ|x|
2
used in the overwhelming majority of numerical
CI computations on account of their easy facilitation of two-center integral
evaluation. See section 2.4.
(ii) The model is exactly soluble (via the methods introduced in [FG09]), except
for the determination of the dilation parameters γ in the Slater orbitals,
which are straightforward to calculate numerically with very high accuracy.
See section 3.
(iii) The model does remarkably well when compared to experimental data and
high-dimensional simulations in the literature. It captures around 99% of the
ground state energy in all cases, without a single empirical parameter! See
Figure 1. Moreover the predicted ground state spin and angular momentum
quantum numbers (1S for He, Be, Ne, 2S for H and Li, 4S for N, 2P for B
and F, and 3P for C and O) come out right in each case; spectral gaps are
captured well (and, in a signiﬁcant number of cases, more accurately than
in the benchmark numerical MDHF calculations of Tatewaki et al. [TTST94]
which used a much larger basis set); and for N ≥ 5 the model is never
outperformed by more than a factor of 10 by any method, including large-
scale simulations with subspace dimension bigger than 107. For a detailed
comparison see section 4.
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Fig. 1. Experimental (dashed) and minimal asymptotics-based CI (solid) ground state energies
of atoms.
Thus, our work yields for the ﬁrst time few-parameter, explicit, closed-form approx-
imations to the low-lying eigenstates of the atoms Li, Be, B, C, N, O, F, Ne which
are of chemically relevant accuracy. These provide—we hope—a useful reference for
the calibration of numerical methods, and a valuable tool for advancing mathematical
understanding of physical, chemical, and spectral diﬀerences between the elements.
For example, the ground state wavefunctions conﬁrm the basic mathematical picture
of the periodic table obtained in [FG09] by asymptotic analysis of the Schro¨dinger
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equation for strongly positive ions and make it quantitative for neutral atoms, and
they allow us to trace the size of spectral gaps to individual Coulomb and exchange in-
tegrals, thereby making more rigorous the longstanding insights of quantum chemists
and revealing the cancellations that lead to the small size of gaps compared to total
energies (Table 1). See section 4.
Nevertheless a great many open problems remain, even for minimal asymptotics-
based CI. We discuss these problems as follows:
(1) In this paper we demonstrate its accuracy via comparison to experimental
values (see section 4) and proving desirable theoretical properties (see section 2), but
how can it be understood in terms of rigorous error estimates comparing it to the
Schro¨dinger equation?
(2) In particular, why is the use of just one dilation parameter per one-electron
subspace Vj so eﬀective? As far as we are aware, although screening parameters are
widely used (see section 2), there are no rigorous mathematical results regarding their
eﬀectiveness. For instance, one might hope for such parameters to emerge in some
order expansion of a suitably scaled problem.
(3) How does the model fare for larger atoms? For this step we would suggest
automation of the calculation of the eigenspaces and energy expressions (analogous to
Tables 2–3), and Fourier transforms and one- and two-body integrals (as in Lemmas
3.1 and 3.2). We would hope for the model to show interesting chemical eﬀects such
as the shell ordering 4s < 3d, and its occasional reversal, in the transition metals.
Finally, it is highly desirable that the asymptotics-based CI approach introduced
here be extended to molecular problems. The principal observation (Theorem 2.1(ii))
that CI models of ﬁxed ﬁnite subspace dimension can be constructed which repro-
duce correctly the ﬁrst K Schro¨dinger eigenvalues in a large nuclear charge limit is
not limited to atoms, as will be discussed elsewhere. But in the molecular case the
ensuing orbitals are not available in closed form, and hence do not lead so readily to
a mathematical picture of basic physical and chemical properties.
2. Asymptotics-based CI models for atoms.
2.1. General CI models. We begin with a mathematical description of CI
methods. We ﬁnd it convenient to do so in the more abstract setting of subspaces
and subspace projections rather than the, equivalent, setting of basis sets and ex-
pansion coeﬃcients used in the chemistry literature [SO96]. Moreover we introduce a
rigorous distinction between general and symmetry-preserving CI methods. (Both of
these, as well as hybrid methods in which the solution to a nonsymmetry-preserving
model is projected a posteriori onto an invariant subspace, are in use in the chemistry
literature.)
The starting point for the derivation of any CI model is the exact (nonrelativistic,
Born–Oppenheimer) time-independent Schro¨dinger equation for atoms and ions which
one seeks to approximate,
(1) HΨ = EΨ,
where, for nuclear charge Z > 0 and N electrons and in atomic units,
(2) H =
N∑
i=1
(
−1
2
Δxi −
Z
|xi|
)
︸ ︷︷ ︸
=:H0
+
∑
1≤i<j≤N
1
|xi − xj |︸ ︷︷ ︸
=:Vee
,
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E ∈ R, and
(3) Ψ ∈ L2a
(
(R3 × Z2)N
)
.
Here and below, the xi ∈ R3 are electronic position coordinates, si ∈ Z2 = {± 12}
are spin coordinates, and L2a is the usual Hilbert space of N -electron functions Ψ :
(R3 × Z2)N → C which are square-integrable,
(4)
∫
R3N
∑
(Z2)N
|Ψ(x1, s1, . . . , xN , sN )|2 = ||Ψ||2 < ∞,
and satisfy the antisymmetry principle that, for all i and j,
(5) Ψ(. . . , xi, si, . . . , xj , sj, . . . ) = −Ψ(. . . , xj , sj , . . . , xi, si, . . . ).
Mathematically, H is a bounded below, self-adjoint operator with domain L2a ∩H2,
where H2 is the usual Sobolev space of L2 functions with second weak derivatives
belonging to L2. It is known that for neutral atoms (Z = N) and positive ions
(Z > N), there exists an inﬁnite number of discrete eigenvalues, the corresponding
eigenspaces being ﬁnite-dimensional (Zhislin’s theorem; see [Fri03] for a short proof).
Translating [SO96] into mathematical terminology, a CI model is a tensor product
Galerkin approximation to the many-electron Schro¨dinger equation. More precisely,
we deﬁne it as follows.
Definition 2.1. A CI model of an N -electron system with Hamiltonian H is a
projection of the Schro¨dinger equation (1) of form
(6) PHPΨ = EΨ, Ψ ∈ V, V a subspace of L2a, P = projector onto V ,
with the additional requirement that V must possess a basis consisting of Slater de-
terminants.
Recall that a Slater determinant is an antisymmetrized tensor product |η1 . . . ηN 〉
∈ L2((R3 × Z2)N ) of orthonormal one-electron functions ηi ∈ L2(R3 × Z2), the
antisymmetrization being necessary to comply with the quantum mechanical law (5).
The diﬀerence between diﬀerent CI models lies in the freedom to choose the subspace
V or—in quantum chemistry language—to select a set of orbitals and a set of Slater
determinants to be included in the CI expansion.
Note that if V is spanned by the orthonormal Slater determinants Ψα, α =
1, . . . ,M , the projection operator P onto V has the expansion
∑M
α=1 |Ψα〉〈Ψα|, and
(6) can be written in its more standard matrix form Ac = Ec, where A is the M ×M
matrix with entries Aαβ = 〈Ψα|H |Ψβ〉, and c is the coeﬃcient vector in the expansion
Ψ =
∑
α cαΨα. The more abstract form (6) emphasizes the elementary fact that the
CI eigenvalues and eigenstates depend only on the subspace V , not on the choice of
basis within this subspace.
A basic desirable feature of CI models, not related to the tensor product structure
but only to that of a linear subspace projection, is the following.
Lemma 2.1 (rigorous upper bound). For j = 1, . . . ,dimV , we have Ej ≤ ECIj ,
where Ej and ECIj are the jth eigenvalues, including multiplicity, of the Schro¨dinger
equation (1) and the CI equation (6), respectively.
Proof. This is an immediate consequence of the min-max theorem for discrete
eigenvalues of a self-adjoint operator below the bottom of the essential spectrum
[RS78].
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2.2. A mathematical definition of the notion of configuration for atoms.
In the quantum chemistry literature, the word “conﬁguration” is often employed as
a synonym for Slater determinant [SO96]. But in the atomic physics and atomic
spectroscopy literature (see, e.g., [RJK+07]), as well as some of the best computa-
tional studies, the word “conﬁguration” has a more subtle meaning, which takes into
account the important role played by spin and angular momentum symmetries. For
our mathematical purposes, the latter notion turns out to be very useful, so let us
formalize it mathematically.
First, recall the total angular momentum operator L = (L1, L2, L3), the total
spin operator S = (S1, S2, S3), and the parity operator Rˆ, along with the fact that
the operators
(7) L2,S2, L3, S3, and Rˆ
commute with each other and with H (see [FG09] for the result, as well as a mathe-
matical deﬁnition of the operators L, S, and (7)).1
One starts from a ﬁnite number of mutually orthogonal subspaces of the single-
electron Hilbert space,
(8) V1, . . . , Vk ⊂ L2(R3 × Z2),
which are irreducible representation spaces for the joint spin and angular momen-
tum algebra Span {L1, L2, L3, S1, S2, S3}. In elementary terms, this means that the
subspaces must be of “ﬁxed angular and spin symmetry” and “minimal dimension”;
more precisely, each Vi must be invariant under the Li and Si, the operators L2 and
S2 must be constant on Vi, and Vi must have minimal dimension (i.e., dimension
(2s + 1)(2 + 1)|s= 12 = 2 · (2 + 1) when L
2 = ( + 1)I and S2 = s(s + 1)I; note
that the spin quantum number s equals 12 for any Vi, since S
2 = 34I on the whole
single-electron state space L2(R3 × Z2)).
Definition 2.2. A conﬁguration of an N -electron atom or ion is a subspace of
N -electron state space (3) of the following form:
(9)
Cd1,...,dk = Span
{
|χ1, . . . , χN 〉
∣∣∣ {χ1, . . . , χN} any ON set with {i |χi ∈ Vj} = dj},
where V1, . . . , Vk ⊂ L2(R3 × Z2) are mutually orthogonal irreducible representation
spaces of the joint spin and angular momentum algebra, and d1, . . . , dk is a partition
of N (i.e., dj ∈ N ∪ {0},
∑
j dj = N).
The main point here is that all choices of the χi’s consistent with the requirement
that a ﬁxed number of them have to be picked from each Vj have to be included.
As an elementary but important consequence, each conﬁguration is invariant un-
der the spin and angular momentum operators L and S, and in particular under the
operators (7). This is immediate from the invariance of the Vi under L and S and the
following identity for the application of one-body operators to Slater determinants:∑N
j=1 A(j)|χ1 · · ·χN 〉 =
∑N
j=1 |χ1 · · · (Aχj) · · ·χN〉.
1On single-electron functions χ(x, s), x ∈ R3, s ∈ {± 1
2
}, one has L = x ∧ 1
i
∇, (Rˆχ)(x, s) =
χ(−x, s), and Sα is multiplication by a Pauli matrix,(
(Sαχ)(x, 1/2)
(Sαχ)(x,−1/2)
)
=σα
(
χ(x, 1/2)
χ(x,−1/2)
)
, σ1 :=
1
2
(
0 1
1 0
)
, σ2 :=
1
2
(
0 −i
i 0
)
, σ3 :=
1
2
(
1 0
0 −1
)
.
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Example 1 (the configurations 1s22s and 1s22p for lithium). Let
V1 = Span {φ1s ↑, φ1s ↓}, V2 = Span {φ2s ↑, φ2s ↓},
V3 = Span {φ2pi ↑, φ2pi ↓ | i = 1, 2, 3},(10)
where the φ’s are the hydrogen-like orbitals
φ1s(x) :=
Z
3/2
1√
π
e−Z1|x|,
φ2s(x) :=
(
3Z52
8π(4Z21 − 2Z1Z2 + Z22 )
)1/2(
1− 1
6
(2Z1 + Z2)|x|
)
e−Z2|x|/2,(11)
φ2pi(x) :=
Z
5/2
3√
32π
xie
−Z3|x|/2, i = 1, 2, 3,
Z1, Z2, Z3 are positive parameters, and ↑, ↓ denote the spin functions ↑ (s) = δ 1
2
(s),
↓ (s) = δ− 12 (s).
Note that the orbitals in (10) are orthonormal (hence the coeﬃcients in φ2s), and
that for Z1 = Z2 = Z3 = Z they reduce to the standard eigenstates of the hydrogen
atom Hamiltonian − 12Δ− Z|x| . The Zi will play an important role later.
For N = 3, choosing the partitions d1 = 2, d2 = 1, d3 = 0 (respectively, d1 = 2,
d2 = 0, d3 = 1) yields the subspaces (or conﬁgurations)
C2,1,0 = Span {|φ1s ↑, φ1s ↓, φ2s ↑〉, |φ1s ↑, φ1s ↓, φ2s ↓〉},
C2,0,1 = Span {|φ1s ↑, φ1s ↓, φ2pi ↑〉, |φ1s ↑, φ1s ↓, φ2pi ↓〉 | i = 1, 2, 3}.(12)
We call these subspaces 1s22s1 and 1s22p1. In chemistry this terminology is commonly
used to describe the structure of individual wavefunctions, but in the setting just
introduced, it is independent of which wavefunction is chosen.
For Z1 = Z2 = Z3 = Z, these subspaces have the interesting physical meaning
that they are the bottom two eigenspaces of the lithium atom Hamiltonian in ﬁrst
order perturbation theory [FG09].
Example 2 (the subspace 2p112p
1
2 for helium). The subspace
C˜ = Span {|φ2p1 ↑, φ2p2 ↓〉, |φ2p1 ↓, φ2p2 ↑〉, |φ2p1 ↑, φ2p2 ↑〉, |φ2p1 ↓, φ2p2 ↓〉}
is not a conﬁguration because the selection of Slater determinants does not correspond
to the rule in Deﬁnition 2.1. Indeed, this subspace is not invariant under the spin and
angular momentum algebra. For instance, applying L3 to the ﬁrst Slater determinant
gives i(|φ2p1 ↑ φ2p1 ↓〉 − |φ2p2 ↑ φ2p2 ↓〉), which lies outside the subspace.
2.3. Symmetry-preserving CI models. A general class of symmetry-preserv-
ing CI models can now be deﬁned mathematically. We remark that the principle of
symmetry-preserving numerical schemes has proved very successful in other areas
of scientiﬁc computing, a prime example being symplectic schemes in Hamiltonian
dynamics [LR05].
Definition 2.3. A symmetry-preserving CI model for an N -electron atom or ion
with Hamiltonian H is a finite-dimensional projection of the Schro¨dinger equation (1),
(13)
PHPΨ = EΨ, Ψ ∈ V, V a subspace of L2a, P = orthogonal projector onto V,
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with the additional requirement that
(14) V = Span {C(1), . . . , C(K)},
where V1, . . . , Vk ⊂ L2(R3 × Z2) is a collection of mutually orthogonal irreducible
representation spaces of the spin and angular momentum algebra, and each C(j) is a
configuration with respect to the Vi.
Example. Taking V = Span {C2,1,0, C2,0,1} = Span {1s22s, 1s22p} (with notation
as in Example 1) yields an invariant CI model for lithium.
The fundamental point of Deﬁnition 2.3 is that, unlike general CI, symmetry-
preserving CI retains the spin and angular momentum symmetries of the atomic
Schro¨dinger equation. In particular, eigenspaces retain well-deﬁned spin and angular
momentum quantum numbers S and L (see [FG09] for their mathematical deﬁnition).
Lemma 2.2 (symmetry preservation). For arbitrary N and Z, and any invariant
CI model (13), (14) as in Definition 2.3, The operators (7)
(i) leave V invariant,
(ii) commute with the CI Hamiltonian PHP : V → V .
In particular, any eigenspace of an invariant CI model possesses a basis of joint eigen-
states of the operators (7).
Proof. This is an elementary consequence of the invariance of individual conﬁgu-
rations under L, S, and Rˆ. Note that the underlying one-electron subspaces Vi, being
L2 eigenspaces with some eigenvalue (+ 1), are automatically Rˆ eigenspaces, with
eigenvalue (−1)−1.
We note the well-known fact that the physically important property (i) is vi-
olated by standard approximations such as the Hartree–Fock approximation, even
when the individual orbitals have well-deﬁned spin and angular momentum quantum
numbers. For instance, the Slater determinant |φ2p1 ↑ φ2p2 ↓〉 is neither an L2 nor an
S2 eigenstate.
2.4. Asymptotics-based subspace selection. We now come to the, in appli-
cations crucial, issue of selecting a “good” CI subspace V in the approximation (6).
It is commonly known that this relies on a great amount of chemical intuition,
computational experience, and nonlinear optimization. For example, one would em-
ploy the set of Slater determinants formed from the ﬁrst N + k eigenstates of the
nonlinear Hartree–Fock equations of the system under consideration (“k-fold excited
CI”), solved numerically in a background subspace of dimension LN + k spanned
by Gaussian orbitals. For more information, common variants, and reﬁnements see
[SO96, HJO00].
We propose here an alternative strategy, in which the intermediate step of a
Hartree–Fock calculation no longer appears, and which is based on three reasonable
theoretical requirements. The CI model should
1. preserve the symmetry of the atomic Schro¨dinger equation under spatial and
spin rotation (see Deﬁnition 2.3);
2. preserve the virial theorem; i.e., eigenstates should have the correct virial
ratio of −2 between potential and kinetic energy;
3. be asymptotically correct in the iso-electronic limit Z →∞.
By 3 we mean that the model (if its dimension is K) reproduces correctly the ﬁrst K
Schro¨dinger eigenvalues and eigenstates in this limit (see Theorem 2.1 for a precise
statement). Note that the limit of large Z captures the physical environment of inner
shell electrons in large atoms. Also, recall its important theoretical feature that the
ratio of ﬁrst spectral gap to ground state energy of the Schro¨dinger equations (1)–(3)
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tends to zero [FG09], with the experimental ratio for true atoms being very close to
zero (see Table 1).
We now apply requirements 1, 2, and 3 to the atoms Li to Ne, not by designing
a maximum-dimensional model, which can be handled computationally, but by a
minimum-dimensional model. Below, (Z1, Z2, Z3) =: Z denotes the vector of dilation
parameters appearing in the orbitals (11). We ﬁrst discuss the case of the ground
state. The ensuing minimal CI model for Li, Be, B, C, N, O, F, Ne ground states is
then the following:
(A) (Choice of a parametrized, asymptotically exact family of subspaces.)
V (Z) := Span{C2,0,N−2, C2,1,N−3, C2,2,N−4},
with the C’s as in (9) and V1, V2, V3 as in (10), (11).
(B) (Subspace eigenvalue problem.)
ECI(Z) := lowest eigenvalue of P (Z)HP (Z) on V (Z),
ΨCI(Z) := corresponding normalized eigenstate,
where P (Z) = orthogonal projector of L2a((R
3 × Z2)N ) onto V (Z).
(C) (Variational parameter determination.)
Z∗ := argminZE
CI(Z), ECI := ECI(Z∗), Ψ
CI := ΨCI(Z∗).
(In (A), it is understood that only conﬁgurations Cd1,d2,d3 , for which each di is
≥ 0, are included.)
Some remarks are in order.
(1) This model is certainly not the only conceivable model which satisﬁes 1, 2, and
3, especially since condition 3 is only asymptotic, but it is probably the simplest. The
subspace V (Z) in (A) comes from the theorem in [FG09] that the above subspace with
Z1 = Z2 = Z3 = Z is asymptotically equal to the union of the lowest eigenspaces of the
full Schro¨dinger equation (1). In particular, this theorem dictates that the Vi should
consist of Slater orbitals, not the commonly used Gaussian orbitals. The presence
of the variable dilation parameters Zi and equation (C) comes from requirement 2,
which is equivalent to stationarity of the energy 〈Ψ|H |Ψ〉 of eigenstates with respect
to dilations (see the proof of Theorem 2.1).
(2) There is no empirical parameter.
(3) The model has the following variational formulation:
ECI = min
Z∈(0,∞)3
min
Ψ∈V (Z), ||Ψ||=1
〈Ψ|H |Ψ〉,
with the set of minimizers Ψ being equal to the set of normalized lowest eigenstates
of (B). This is an immediate consequence of (C) and the Rayleigh–Ritz variational
principle for the bottom eigenvalue in (B).
(4) Dilation parameters like the Zi are closely related to physical ideas of screen-
ing, and go back at least to Slater (in the context of the Hartree equations [Sla30,
Sla64]). They are widely used in the quantum chemistry literature and are in most
studies determined a priori, e.g., via a Hartree–Fock calculation (see [BT86, SO96]).
However, from a mathematical standpoint it is of interest to determine them varia-
tionally for each eigenstate, as done here; this implies that the ensuing wavefunctions
satisfy the virial theorem (see Theorem 2.1). Note also that validity of the latter
cannot be guaranteed by linear parameters (i.e., subspace enlargement) but requires
making the model nonlinear. This is because the dilation group Ψ → Z3N/2Ψ(Z·),
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which underlies the virial theorem, is a noncompact group which—unlike the compact
groups SO(3) and SU(2) corresponding to angular momentum and spin—leaves no
ﬁnite-dimensional subspace of L2anti((R
3×Z2)) invariant. The proof of this fact is left
to the interested reader.
We now extend (B), (C) to excited states. The simplest generalization would be
to compute all eigenvalues Ej(Z) and corresponding orthonormal eigenstates Ψj(Z)
of P (Z)HP (Z), then minimize each eigenvalue over Z.
But this procedure does not maintain the basic property of the full Hamilto-
nian (2) that eigenstates with diﬀerent eigenvalue are orthogonal. However, the
symmetries described in Lemma 2.2 come to our help. If two eigenstates of the
CI Hamiltonian are also simultaneous eigenstates of the operators (7), which we can
assume by Lemma 2.2, then they remain orthogonal after minimization of their eigen-
values over the Zi, as long as the eigenvalue of at least one of the operators (7) is
diﬀerent. Thus, in each symmetry subspace (i.e., each joint eigenstate of the oper-
ators (7)) we ﬁrst determine the values of the Zi that yield the minimum value for
the lowest eigenvalue in the subspace and then use this value to calculate all eigen-
values and eigenstates in the subspace. This way, orthogonality is maintained and,
in particular, the CI energy levels remain rigorous upper bounds to the true energy
levels. In practice this method is very close to minimization of each eigenvalue, since
most symmetry subspaces turn out to be one-dimensional, and none are more than
two-dimensional (see the next section). The use of the Zi’s from the lower state is of
course a somewhat arbitrary choice; it ensures the greatest accuracy possible for the
lower lying states (known as the “state-speciﬁc” method); an alternative would be to
choose the Zi so as to solve a least squares problem and minimize the overall error.
To summarize, the minimal CI model for Li, Be, B, C, N, O, F, Ne excited states
is as follows. Below, V L,S,P (Z) denotes the symmetry subspace {Ψ ∈ V (Z) | L2Ψ =
L(L + 1)Ψ, S2Ψ = S(S + 1)Ψ, RˆΨ = pΨ}, where L is a nonnegative integer, S a
nonnegative halﬁnteger, and p = ±1.
(A′) (Choice of a parametrized, asymptotically exact family of subspaces.)
As in (A).
(B′) (Subspace eigenvalue problem.) For each symmetry subspace V L,S,p(Z) ⊂ V (Z),
ECIj (Z) := eigenvalues of P (Z)HP (Z) on V
L,S,p(Z),
ΨCIj (Z) := corresponding orthonormal eigenstates,
where P (Z) = orthogonal projector of L2a((R3 × Z2)N ) onto V (Z).
(C′) (Variational parameter determination.) For each symmetry subspace V L,S,p(Z) ⊂ V (Z)
Z∗ := argminZ(minj E
CI
j (Z)), E
CI
j := E
CI
j (Z∗), Ψ
CI
j := Ψ
CI
j (Z∗).
Let us summarize the additional properties of model (A′), (B′), and (C′) beyond
those of general symmetry-preserving CI (Lemmas 2.1 and 2.2) in a theorem.
Theorem 2.1. Let N ∈ {3, . . . , 10}, Z ≥ N . The minimal CI model (A′), (B′),
(C′) has the following properties.
(i) (Virial theorem.) Any lowest normalized eigenstate ΨCI of the model in
a symmetry subspace (i.e., a joint eigenspace of the symmetry operators L2,S2, Rˆ)
satisfies
〈ΨCI |V |ΨCI〉 = −2〈ΨCI|T |ΨCI〉,
where T , V are the kinetic (respectively, potential) part of the Hamiltonian (2).
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(ii) (Correct asymptotic behavior.) For N fixed and Z →∞,
lim
ECIj
Ej
= 1, lim
ΔECIj
ΔEj
= 1, lim |||PCIj − Pj ||| = 0,
where ECI1 < · · · < ECIm and E1 < · · · < Em are the CI eigenvalues (respectively, the
lowest eigenvalues of the Schro¨dinger equation (1)); ΔECI and ΔEj are the spectral
gaps ECIj −ECI1 and Ej − E1 (j ≥ 2); PCIj , Pj denote the projectors onto the corre-
sponding eigenspaces; and ||| · ||| is the operator norm on the N -electron Hilbert space
L2a((R3 × Z2)N ).
Proof. (i) follows from the fact that the manifold ∪Z∈(0,∞)3V L,S,p(Z) is invariant
under dilations Ψ → Ψλ(x1, s1, . . . , xN , sN ) = λ3N/2Ψ(λx1, s1, . . . , λxN , sN ), λ > 0,
which makes the usual proof of the virial theorem applicable: normalized minimizers
Ψ of 〈Ψλ|H |Ψλ〉 in this manifold satisfy 0 = ddλ
∣∣∣
λ=1
〈Ψλ|H |Ψλ〉.
(ii) is a consequence of the asymptotic results in [FG09] together with the ele-
mentary inequalities Ej ≤ ECIj ≤ EPTj , where the EPTj are the lowest eigenvalues of
the PT model [FG09].
We remark that statement (ii) fails when the Slater orbitals (11) are replaced by
ﬁnite linear combinations of Gaussians or, indeed, by any functional form which fails
to reproduce (11) asymptotically [FG09].
It is instructive to compare the above argument in favor of Slater orbitals to the
well-known Kato cusp condition argument. Theorem 2.1(ii) concerns the limit N and
x general, Z → ∞, whereas the asymptotic regime of the Kato cusp condition is N
and Z general, x → 0; the latter is therefore insuﬃcient to specify whole orbitals, as
it concerns only their behavior at x = 0.
Finally, let us formulate a hierarchy of higher and higher dimensional CI models
for the atom/ion with N electrons which satisfy requirements 1, 2, and 3. The models
are parametrized by the number nmax of included single-electron “shells,” and the
only modiﬁcation compared to (A′), (B′), and (C′) is an enlargement of the family
of subspaces V (Z) in step (A′), as follows. For n = 1, . . . , nmax,  = 0, . . . , n− 1, let
Vn(Z) := Span {Rn(Z1, . . . , Zn, r) χm(θ, φ)δσ(s) | m = −, . . . , , σ = ± 12}. Here
Z is the vector of dilation parameters Zn, (r, φ, θ) are spherical polar coordinates
in R3, the Rn(Z1, . . . , Z

n, ·) are orthonormal functions in L2(0,∞) with respect to
the measure r2dr which reduce to the usual radial hydrogen eigenfunctions when
Z1 = · · · = Zn = Z, and the χm are spherical harmonics (see [FG09]). Then
take
V (Z) := Span
{⋃
d
Cd
}
,
where d = (dn)n=1,...,nmax, =0,...,n, runs over all partitions of N , i.e., dn ≥ 0,∑
n, dn = N . The minimal model (A
′), (B′), (C′) corresponds to taking nmax = 2
(i.e., including only the ﬁrst and second “shell”), and imposing the additional con-
dition that the number d1,0 of electrons in the subspace V1,0 equals 2 (i.e., assuming
that the ﬁrst shell is completely “ﬁlled”).
3. Minimal CI atomic energy levels and eigenstates.
3.1. Exact solution for given dilation parameters. The key point allow-
ing us to solve the model (A′), (B′), (C′) is the observation that the CI matrix
P (Z)HP (Z) in a simultaneous eigenbasis of V (Z) of the symmetry operators (7) can
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be explicitly determined, and decouples into small invariant blocks. More precisely,
as noted in [FG09], exact expressions can be derived for the joint eigenstates Ψα of
(7) and their matrix elements 〈Ψα|H |Ψβ〉 in terms of one-body, Coulomb, and ex-
change integrals of the one-electron orbitals (11), and when restricting, without loss
of generality, to S3 maximal and L3 = 0, the largest nondiagonal block is 2× 2. For
convenience we include the eigenfunctions and symbolic matrix elements in Tables
2–3. The symmetry type of the wavefunctions is also shown in chemistry notation,
which encodes the eigenvalues L(L+1), S(S+1) and p of L2, S2, and Rˆ by the symbol
2S+1Xν , where L corresponds to X via 0 → S, 1 → P , 2 → D, and no superscript ν
means p = 1, while ν = o (for odd) stands for p = −1. Recall the standard notation
for one- and two-body integrals
(15) (a|b) = 〈a|hb〉, (ab|cd) =
∫
R6
dx1dx2a
∗(x1)b(x1)
1
|x1 − x2|c
∗(x2)d(x2),
where h is the one-body Hamiltonian − 12Δ− Z|x| .
It remains to evaluate the one-body Coulomb and exchange integrals for the ba-
sis (11). Despite the basis not being Gaussian, they can be evaluated exactly by
the method introduced in [FG09]: by Fourier calculus, we can rewrite (ab|cd) =
(2π2)−1
∫
R3
|k|−2(âb∗)∗ĉ∗d; we then derive the Fourier transform of the pointwise
products of the orbitals (11) (see Lemma 3.1), reduce to one-dimensional (1D) in-
tegrals with the help of spherical polar coordinates in k-space, and evaluate the re-
maining 1D integrals—whose integrands turn out to be rational functions—via the
residue theorem (or Maple). The result is as follows.
Lemma 3.1. The Fourier transforms of pointwise products of the one-electron
orbitals (11) are as follows. In all cases j,  = 1, 2, 3, j = .
Function Fourier transform
φ1sφ1s
16Z41
(4Z21+|k|2)2
φ2sφ2s
Z52
(4Z21−2Z1Z2+Z22)
(
2(Z1+2Z2)
(Z22+|k|2)2 −
Z2(2Z1+Z2)(2Z1+5Z2)
(Z22+|k|2)3 +
2Z32 (2Z1+Z2)
2
(Z22+|k|2)4
)
φ1sφ2s
√
6Z
3/2
1 Z
5/2
2√
(4Z21−2Z1Z2+Z22 )
(
4(2Z1+Z2)
3((Z1+Z2/2)2+|k|2)2 −
(2Z1+Z2)
3
3((Z1+Z2/2)2+|k|2)3
)
φ2pjφ2pj
Z63
(Z23+|k|2)3 −
6Z63k
2
j
(Z23+|k|2)4
φ1sφ2pj − 2
√
2iZ
3/2
1 Z
5/2
3 (2Z1+Z3)kj
((Z1+Z3/2)2+|k|2)3
φ2sφ2pj
√
3iZ
5/2
2 Z
5/2
3
16
√
4Z21−2Z1Z2+Z22
(
8(Z2+Z3)
2(2Z1+Z2)kj
(((Z2+Z3)/2)2+|k|2)4 −
(32Z1+64Z2+48Z3)kj
3(((Z2+Z3)/2)2+|k|2)3
)
φ2pjφ2p − 6kjkZ
6
3
(Z23+|k|2)4
Lemma 3.2. Using the abbreviated notation 1 = φ1s, 2 = φ2s, 3 = φ2p3 , 4 = φ2p1 ,
the one-body, Coulomb, and exchange integrals (15) for the orbitals (11) (respectively,
the PT orbitals (Z1 = Z2 = Z3 = Z)) are given by
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Integral CI value PT value
(1|1) 12Z21 − ZZ1 − 12Z2
(2|2) Z2224 4Z
2
1−2Z1Z2+7Z22
4Z21−2Z1Z2+Z22 −
ZZ2
4
4Z21−4Z1Z2+3Z22
4Z21−2Z1Z2+Z22 −
1
8Z
2
(3|3) 18Z23 − 14ZZ3 − 18Z2
(11|11) 58Z1 58Z
(11|22) Z1Z2(8Z41+4Z31Z2+4Z1Z32+Z42 )
(2Z1+Z2)3(4Z21−2Z1Z2+Z22 )
17
81Z
(12|21) 16Z31Z52
(4Z21−2Z1Z2+Z22)(2Z1+Z2)5
16
729Z
(22|22) Z2512 (1488Z
4
1−1952Z31Z2+1752Z21Z22−840Z1Z22+245Z42 )
(4Z21−2Z1Z2+Z22)2
77
512Z
(11|33) Z1Z3(8Z
4
1+20Z
3
1Z3+20Z
2
1Z
2
3+10Z1Z
3
3+Z
4
3)
(2Z1+Z3)5
59
243Z
(13|31) 112Z31Z533(2Z1+Z3)7 1126561Z
(22|33) Z2Z3
(4(4Z21−2Z1Z2+Z22)(Z2+Z3)7)
[
(4Z21 − 2Z1Z2 + Z22 )(Z62 + 7Z52Z3 + 21Z42Z23 + 35Z32Z33 )
+3Z22Z
4
3 (28Z
2
1 − 28Z1Z2 + 11Z22 ) +7Z2Z53(4Z21 − 4Z1Z2 + 3Z22 ) + Z63(4Z21 − 4Z1Z2 + 3Z22 ))
] 83
512Z
(23|32) Z52Z53(740Z21+152Z1Z2+17Z22−42Z2Z3−588Z1Z3+126Z23 )
(9(Z2+Z3)9(4Z21−2Z1Z2+Z22 ))
15
512Z
(33|33) 5012560Z3 5012560Z
(33|44) 4472560Z3 4472560Z
(34|43) 272560Z3 272560Z
This table, together with Tables 2–3, yields, for any given values of the Zi, the
exact solution of the linear part (B′) of the CI model in the nondegenerate symmetry
subspaces.
In the two-dimensional subspaces, the above table and Tables 2 and 3 need to
be combined with the analytic expression for the eigenvalues of the 2 × 2 matrices
(〈Ψi|H |Ψj〉)2i,j=1 (see [FG09] and denote 〈Ψi|H |Ψj〉 =: Hij),
(16) λ± =
H11 +H22
2
±
√(
H11 −H22
2
)2
+ |H12|2,
and corresponding normalized eigenstates,
(17) Ψ± =
1√
1 + c2±
(
Ψ1 + c±Ψ2
)
, c± =
H22−H11
2 ±
√(
H22−H11
2
)2 + |H12|2
H12
.
Thus we have analytic expressions for all eigenvalues and eigenvectors of P (Z)HP (Z)
in terms of the Zi.
3.2. Numerical optimization of dilation parameters. The ﬁnal stage is to
minimize the exact energy levels over the Zi (step (C′) of the minimal CI model), which
is performed using Maple. Since we are dealing with only a 3-parameter minimization
over explicit rational or square root functions, we obtain highly accurate numerical
energy levels, along with their eigenspaces and symmetries. In particular, all digits
indicated in Tables 4 and 5 are believed to be exact relative to the underlying model
(A′), (B′), (C′).
3.3. Final result. The minimal CI energy levels, along with the minimizing
values of the dilation parameters Zi, for N = 3, . . . , 10, are shown in Tables 4 and 5.
The corresponding eigenspaces are as given in Tables 2–3.
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Table 2
H matrix element expressions for Li, Be, B, and C in subspace with S3 maximal, L3 = 0;
“cross” denotes the oﬀ-diagonal term in the 2 × 2 matrix. Orbital notation is 1 := φ1s, 2 := φ2s,
3 := φ2p3 , 4 := φ2p1 , 5 := φ2p2 . Integrals (a|a), (ab|cd) are as in (15).
L2 S2 Rˆ Ψ 〈H〉
Li 0 3
4
1 2S |112〉 2(1|1) + (2|2) + (11|11) + 2(11|22) − (12|21)
2 3
4
−1 2P o |113〉 2(1|1) + (3|3) + (11|11) + 2(11|33) − (13|31)
Be 0 0 1 1S |1122〉 2(1|1) + 2(2|2) + (11|11) + 4(11|22) − 2(12|21) + (22|22)
1√
3
(|1133〉+ |1144〉+ |1155〉) 2(1|1) + 2(3|3) + (11|11) + 4(11|33) − 2(13|31) + (33|33) + 2(34|43)
cross
√
3(23|32)
2 0 −1 1P o 1√
2
(|1123〉 − |1123〉) 2(1|1) + (2|2) + (3|3) + (11|11) + 2(11|22) − (12|21) + 2(11|33)
−(13|31) + (22|33) + (23|32)
2 2 −1 3P o |1123〉 2(1|1) + (2|2) + (3|3) + (11|11) + 2(11|22) − (12|21) + 2(11|33)
−(13|31) + (22|33) − (23|32)
1 3P |1145〉 2(1|1) + 2(3|3) + (11|11) + 4(11|33) − 2(13|31) + (33|44) − (34|43)
6 0 1 1D 1√
6
(
2|1133〉 − |1144〉 − |1155〉) 2(1|1) + 2(3|3) + (11|11) + 4(11|33) − 2(13|31) + (33|33) − (34|43)
B 0 3
4
1 2S 1√
3
(|11233〉+ |11244〉+ |11255〉) 2(1|1) + (2|2) + 2(3|3) + (11|11) + 2(11|22) − (12|21) + 4(11|33)
−2(13|31) + 2(22|33) − (23|32) + (33|33) + 2(34|43)
0 15
4
−1 4So |11345〉 2(1|1) + 3(3|3) + (11|11) + 6(11|33) − 3(13|31) + 3(33|44) − 3(34|43)
2 3
4
−1 2P o |11223〉 2(1|1) + 2(2|2) + (3|3) + (11|11) + 4(11|22) − 2(12|21) + 2(11|33)
−(13|31) + (22|22) + 2(22|33) − (23|32)
1√
2
(|11344〉 + |11355〉) 2(1|1) + 3(3|3) + (11|11) + 6(11|33) − 3(13|31) + (33|33) + 2(33|44)
cross
√
2(23|32)
1 2P 1√
6
(
2|11245〉 − |11245〉 − |11245〉) 2(1|1) + (2|2) + 2(3|3) + (11|11) + 2(11|22) − (12|21) + 4(11|33)
−2(13|31) + 2(22|33) + (23|32) + (33|44) − (34|43)
2 15
4
1 4P |11245〉 2(1|1) + (2|2) + 2(3|3) + (11|11) + 2(11|22) − (12|21) + 4(11|33)
−2(13|31) + 2(22|33) − 2(23|32) + (33|44) − (34|43)
6 3
4
1 2D 1√
6
(
2|11233〉 − |11244〉 − |11255〉) 2(1|1) + (2|2) + 2(3|3) + (11|11) + 2(11|22) − (12|21) + 4(11|33)
−2(13|31) + 2(22|33) − (23|32) + (33|33) − (34|43)
−1 2Do 1√
6
(
2|11345〉 − |11345〉 − |11345〉) 2(1|1) + 3(3|3) + (11|11) + 6(11|33) − 3(13|31) + 3(33|44)
C 0 0 1 1S 1√
3
(|112233〉+ |112244〉+ |112255〉) 2(1|1) + 2(2|2) + 2(3|3)0 + (11|11) + 4(11|22) − 2(12|21) + 4(11|33)
−2(13|31) + (22|22) + 4(22|33) − 2(23|32) + (33|33) + 2(34|43)
1√
3
(|113344〉+ |113355〉+ |114455〉) 2(1|1) + 4(3|3) + (11|11) + 8(11|33) − 4(13|31) + 2(33|33) + 4(33|44)
cross 2(23|32)
0 2 −1 3So 1√
12
(
3|112345〉 − |112345〉 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
−|112345〉 − |112345〉) −3(13|31) + 3(22|33) + (23|32) + 3(33|44) − 3(34|43)
0 6 −1 5So |112345〉 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
−3(13|31) + 3(22|33) − 3(23|32) + 3(33|44) − 3(34|43)
2 0 −1 1P o 1
2
(|112344〉 − |112344〉 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
+|112355〉 − |112355〉) −3(13|31) + 3(22|33) + (33|33) + 2(33|44)
2 2 1 3P |112245〉 2(1|1) + 2(2|2)0 + 2(3|3) + (11|11) + 4(11|22) − 2(12|21) + 4(11|33)
−2(13|31) + (22|22) + 4(22|33) − 2(23|32) + (33|44) − (34|43)
|113345〉 2(1|1) + 4(3|3) + (11|11) + 8(11|33) − 4(13|31) + (33|33) + 5(33|44)
−3(34|43)
cross (23|32)
−1 3P o 1√
2
(|112344〉 + |112355〉) 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
−3(13|31) + 3(22|33) − 2(23|32) + (33|33) + 2(33|44)
6 0 1 1D 1√
6
(
2|112233〉 − |112244〉 − |112255〉) 2(1|1) + 2(2|2) + 2(3|3) + (11|11) + 4(11|22) − 2(12|21) + 4(11|33)
−2(13|31) + (22|22) + 4(22|33) − 2(23|32) + (33|33) − (34|43)
1√
6
(
2|114455〉 − |113344〉 − |113355〉) 2(1|1) + 4(3|3) + (11|11) + 8(11|33) − 4(13|31) + 2(33|33) + 4(33|44)
−3(34|43)
cross −(23|32)
−1 1Do 1√
12
(
2|112345〉 − |112345〉 − |112345〉 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
+2|112345〉 − |112345〉 − |112345〉) −3(13|31) + 3(22|33) + 3(33|44)
6 2 −1 3Do 1√
6
(
2|112345〉 − |112345〉 − |112345〉) 2(1|1) + (2|2) + 3(3|3) + (11|11) + 2(11|22) − (12|21) + 6(11|33)
−3(13|31) + 3(22|33) − 2(23|32) + 3(33|44)
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Table 3
H matrix element expressions for N, O, F, and Ne in subspace with S3 maximal, L3 = 0;
“cross” denotes the oﬀ-diagonal term in the 2 × 2 matrix. Orbital notation is 1 := φ1s, 2 := φ2s,
3 := φ2p3 , 4 := φ2p1 , 5 := φ2p2 . Integrals (a|a), (ab|cd) are as in (15).
L2 S2 Rˆ Ψ 〈H〉
N 0 3
4
1 2S 1√
3
(|1123344〉+ |1123355〉 2(1|1) + (2|2) + 4(3|3) + (11|11) + 2(11|22) − (12|21) + 8(11|33)
+|1124455〉) −4(13|31) + 4(22|33) − 2(23|32) + 2(33|33) + 4(33|44)
0 15
4
−1 4So |1122345〉 2(1|1) + 2(2|2) + 3(3|3) + (11|11) + 4(11|22) − 2(12|21) + 6(11|33)
−3(13|31) + (22|22) + 6(22|33) − 3(23|32) + 3(33|44) − 3(34|43)
2 3
4
−1 2P o 1√
2
(|1122344〉+ |1122355〉) 2(1|1) + 2(2|2) + 3(3|3) + (11|11) + 4(11|22) − 2(12|21) + 6(11|33)
−3(13|31) + (22|22) + 6(22|33) − 3(23|32) + (33|33) + 2(33|44)
|1134455〉 2(1|1) + 5(3|3) + (11|11) + 10(11|33) − 5(13|31) + 2(33|33)
+8(33|44) − 4(34|43)
cross
√
2(23|32)
1 2P 1√
6
(
2|1123345〉 − |1123345〉 2(1|1) + (2|2) + 4(3|3) + (11|11) + 2(11|22) − (12|21) + 8(11|33)
−|1123345〉) −4(13|31) + 4(22|33) + (33|33) + 5(33|44) − 3(34|43)
2 15
4
1 4P |1123345〉 2(1|1) + (2|2) + 4(3|3) + (11|11) + 2(11|22) − (12|21) + 8(11|33)
−4(13|31) + 4(22|33) − 3(23|32) + (33|33) + 5(33|44) − 3(34|43)
6 3
4
−1 2Do 1√
6
(
2|1122345〉 − |1122345〉 2(1|1) + 2(2|2) + 3(3|3) + (11|11) + 4(11|22) − 2(12|21) + 6(11|33)
−|1122345〉) −3(13|31) + (22|22) + 6(22|33) − 3(23|32) + 3(33|44)
1 2D 1√
6
(
2|1124455〉 − |1123344〉 2(1|1) + (2|2) + 4(3|3) + (11|11) + 2(11|22) − (12|21) + 8(11|33)
−|1123355〉) −4(13|31) + 4(22|33) − 2(23|32) + 2(33|33) + 4(33|44) − 3(34|43)
O 0 0 1 1S 1√
3
(|11223344〉+ |11223355〉 2(1|1) + 2(2|2) + 4(3|3) + (11|11) + 4(11|22) − 2(12|21) + 8(11|33)
+|11224455〉) −4(13|31) + (22|22) + 8(22|33) − 4(23|32) + 2(33|33) + 4(33|44)
|11334455〉 2(1|1) + 5(3|3) + (11|11) + 12(11|33) − 6(13|31) + 3(33|33))
+12(33|44 − 6(34|43)
cross
√
3(23|32)
2 0 −1 1P o 1√
2
(|11234455〉 − |11234455〉) 2(1|1) + (2|2) + 5(3|3) + (11|11) + 2(11|22) − (12|21) + 10(11|33)
−5(13|31) + 5(22|33) − (23|32) + 2(33|33) + 8(33|44) − 4(34|43)
2 2 −1 3P o |11234455〉 2(1|1) + (2|2) + 5(3|3) + (11|11) + 2(11|22) − (12|21) + 10(11|33)
−5(13|31) + 5(22|33) − 3(23|32) + 2(33|33) + 8(33|44) − 4(34|43)
1 3P |11223345〉 2(1|1) + 2(2|2) + 4(3|3) + (11|11) + 4(11|22) − 2(12|21) + 8(11|33)
−4(13|31) + (22|22) + 8(22|33) − 4(23|32) + (33|33) + 5(33|44)
−3(34|43)
6 0 1 1D 1√
6
(
2|11224455〉 − |11223344〉 2(1|1) + 2(2|2) + 4(3|3) + (11|11) + 4(11|22) − 2(12|21) + 8(11|33)
−|11223355〉) −4(13|31) + (22|22) + 8(22|33) − 4(23|32) + 2(33|33) + 4(33|44)
−3(34|43)
F 0 3
4
1 2S |112334455〉 2(1|1) + (2|2) + 6(3|3) + (11|11) + 2(11|22) − (12|21) + 12(11|33)
−6(13|31) + 6(22|33) − 3(23|32) + 3(33|33) + 12(33|44) − 6(34|43)
2 3
4
−1 2P o |112234455〉 2(1|1) + 2(2|2) + 5(3|3) + (11|11) + 4(11|22) − 2(12|21) + 10(11|33)
−5(13|31) + (22|22) + 10(22|33) − 5(23|32) + 2(33|33) + 8(33|44)
−4(34|43)
Ne 0 0 1 1S |1122334455〉 2(1|1) + 2(2|2) + 6(3|3) + (11|11) + 4(11|22) − 2(12|21) + 12(11|33)
−6(13|31) + (22|22) + 12(22|33) − 6(23|32) + 3(33|33) + 12(33|44)
−6(34|43)
4. Comparison with large-scale numerical calculations and experimen-
tal data.
4.1. Ground state energies and ground states. The results in Tables 4
and 5 show that the symmetry of the ground state of the model (A), (B), (C) agrees
with experiment in every case, and that the ground state energies capture around
99% of the experimental energy.
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Table 6
Fluorine atom ground state energy (various methods). DOFs means the number of computa-
tional degrees of freedom.
Method 1st order PT [FG09] minimal CI (this paper) MDHF [TTST94] MPII [CNMCJ05] FCI [BT86]
DOFs 8 11 ∼ 103 (estimate) not given 2.8× 107
Error 12% 1.06% 0.40% 0.28% 0.21%
Table 7
Percentage error in the ground state energy for the PT and minimal asymptotics-based CI
method.
Atom Li Be B C N O F Ne
PT error 5.6% 6.2% 7.8% 9.0% 10.0% 11.2% 12.2% 13.0%
CI error 0.9% 0.6% 0.7% 0.8% 0.8% 1.0% 1.0% 1.1%
We consider this agreement very good for such a low-dimensional projection of
the Schro¨dinger equation. In the case of beryllium, our ground state CI energy even
outperforms the benchmark numerical MDHF results of [TTST94]. This demonstrates
that a careful choice of basis and a consideration of the full Hamiltonian, including
all correlation terms, can be more eﬀective than large numerical computations.
It is also of theoretical interest to make a comparison with the best numerical
values in the literature, which rely on more higher-powered approaches. Table 6
compares, in a typical example, our asymptotics-based minimal CI results; the MDHF
results of Tatewaki et al. (also based on a small number of determinants but on a huge
one-electron basis set, considered essentially complete); the MPII results of Canal Neto
et al.; and the benchmark full CI results of Bauschlicher and Taylor.
Other examples we considered gave a similar picture. In particular, for N ≥ 5,
asymptotics-based minimal CI was never outperformed by more than one digit in
all tested cases, not even by the recent explicitly correlated, multiconﬁgurational
variational Monte Carlo results [GBS02]; for N = 4 (Be) the sophisticated iterative
subspace recursions of [BM04, NNKI07]—which lead to complicated ﬁnal wavefunc-
tions with 3 × 106 (respectively, 2 × 103 DOFs)—only yield energies which are one
(respectively, two) digits more accurate. While from an applications point of view an
accuracy gain of one digit can be very important, the fact remains that the required
computational eﬀort is larger by many orders of magnitude. A tentative conclusion
is that a signiﬁcant part of the quality of quantum chemistry models lies in making
a sophisticated initial ansatz, while subsequent eﬀorts to include more and more con-
tributions appear to exhibit the same disappointing scaling behavior expected from a
direct discretization of a problem suﬀering from the curse of dimension.
Also of theoretical interest is the large gain in accuracy of minimal CI over
the PT model (i.e., ﬁrst order perturbation theory with respect to electron inter-
action) [FG09], since the two models diﬀer only by the optimization step (C) over
dilation parameters. See Table 7.
Some insight can be gained from comparing the CI orbitals resulting from energy
minimization with the “bare” PT orbitals. It is clear from Tables 4 and 5 that
Z1 ≈ Z − 0.3, and hence the PT model 1s orbitals are a fair approximation to those
in the CI model. But this is not true for the 2s and 2p orbitals since Z2 is lower than
Z by about 2, and Z3 is lower by about 2–4.
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Physically this is intuitive from the idea that the 1s orbitals partially screen the
nuclear charge felt by the 2s and 2p orbitals, making the 2s and 2p electrons behave
as they would in the potential of a nucleus with reduced nuclear charge.
Mathematically, one can at least explain why the Zi diﬀer from their PT value
of Z. The CI wavefunctions satisfy the virial theorem (see section 2); by contrast the
deviation of the PT wavefunctions from the correct virial ratio between potential to
kinetic energy of −2 is large, because these states, being ground states of a nonin-
teracting Hamiltonian, have a ratio of −2 between potential energy without electron
repulsion and kinetic energy. (From [FG09], the actual virial ratios of the PT ground
states for Li, Be, B, C, N, O, F, Ne are −1.6969,−1.6881,−1.6615,−1.6379,−1.6173,
−1.5956,−1.5778,−1.5615.)
We now discuss the obtained wavefunctions. Our work provides for the ﬁrst time
few-parameter, explicit, closed-form wavefunctions for the low-lying eigenstates of the
atoms Li, Be, B, C, N, O, F, Ne which are of chemically relevant accuracy. These can
be used as a source of numerous theoretical insights.
As an important application, the wavefunctions given by Tables 2–3 and (17)
and their ordering given in Tables 4–5 conﬁrm and make quantitative the qualitative
mathematical picture of the periodic table obtained in [FG09] by asymptotic analysis
of the Schro¨dinger equation for strongly positive ions. For instance, they aﬃrm the
conclusion of [FG09] that the empirical shell ordering rule of quantum chemistry (as
the electron number increases, the 2s shell is “ﬁlled” before the 2p shell) is correct only
in a probabilistic sense. In degenerate symmetry subspaces, the minimal CI eigen-
states contain the two conﬁgurations 1s22s22pN−4 and 1s22pN−2 (see the discussion
of 2s–2p resonance in [FG09]). The state with lower energy is dominated by the ﬁrst
conﬁguration, i.e., the coeﬃcient for the part of the wavefunction in 1s22s22pN−4 is
larger than the part in 1s22pN−2. The reverse is true for the higher energy state.
Nevertheless, the minority contributions are of signiﬁcant size (36%, 27%, and 17%
in the case of the B, Be, C ground states).
4.2. Spectral gaps and ionization energies. These are an extremely tough
test of any model, due to the multiscale eﬀect that they are smaller by two to three
orders of magnitude (see Table 1).
First, note how our eigenstate tables allow us to trace spectral gaps to the size of
individual Coulomb and exchange integrals, revealing the cancellations that lead to
the small size of gaps compared to total energies (see Table 1).
As an example of a 2s–2p spectral gap, consider the 2S ground state and 2P
ﬁrst excited state of lithium. Table 2 shows that the gap at ﬁxed values of Z1, Z2,
Z3 is given by the diﬀerence in one-body energy and interaction with the 1s shell
of the 2p and 2s orbitals, [(3|3) + 2(11|33) − (13|31)] − [(2|2) + 2(11|22) − (12|21)].
Substituting for simplicity the bare values Zi = Z = 3 into the table in Lemma 3.2,
the diﬀerence between the Coulomb terms is only 1681 = 0.19753 . . . (and that between
the exchange terms only 322187 = 0.01463 . . .), which is much smaller than the common
part 2(1|1) + (2|2) + (11|11) = 2(11) + (3|3) + (11|11) = − 334 = −8.25 contained in
each of the states.
As an example of an energy level splitting between two states with an equal
number of 1s, 2s, and 2p orbitals, consider the 4So ground state and 2Do ﬁrst excited
state of nitrogen. A look at Table 3 reveals that the energy diﬀerence consists only of
the exchange term −3(34|43), which is present in the ground state due to the parallel
spins of the three p-orbitals, but absent in the excited state.
Next, as shown in Tables 4 and 5, the spectral gaps for the CI model are in
good agreement with experimental data (most are within 10%) and comparable to
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Fig. 2. Minimal CI energy diﬀerences E3So − E1Do for the carbon iso-electronic sequence
N = 6, Z = 6, . . . , 28. The predicted existence of a level crossing is conﬁrmed by experiment
[RJK+07].
the predictions of numerical studies with a much larger number of DOFs [TTST94].
Considering, for example, the ﬁrst three spectral gaps of nitrogen, carbon, and oxygen,
CI has the more accurate value in ﬁve out of nine cases, and the less accurate value
in the remaining four cases.
To achieve this accuracy, the minimal form (C′) of relaxation of orbitals in the CI
model is needed, as the “bare” PT orbitals, despite sharing asymptotic exactness in
the large nuclear charge limit, give very poor spectral gaps, with errors in the order
of 200−300%.
One interesting qualitatively new feature introduced by the CI model is the pos-
sibility for energy levels to cross as the nuclear charge Z varies (see Figure 2). This is
due to the nonlinearity of the energy levels in Z arising from the minimization over the
dilation parameters Z = (Z1, Z2, Z3). (Note that for Z1 = Z2 = Z3 = Z, the energy
levels have the special form −aZ2 + biZ [FG09], yielding linearity of gaps in Z.) This
enables us to discuss, for example, the 3So and 1Do states of the carbon isoelectronic
sequence. We recall from [FG09] that both Hund’s rules and the Hartree–Fock pic-
ture predict the universal ordering E3So < E1Do , which agrees with the experimental
orderings for carbon. However, for Z ≥ 20 the experimental ordering is found to be
reversed. This crossing is beautifully captured by the minimal CI model, this time
for Z ≥ 23.
We now discuss another important class of energy diﬀerences, ionization ener-
gies. The latter are deﬁned to be (writing E1(N,Z) to indicate the dependence
of the ground state energy on the number of electrons and the nuclear charge)
I(N,Z) = E1(N − 1, Z) − E1(N,Z). Physically this corresponds to the energy re-
quired to remove one electron from a system with nuclear charge Z and N electrons.
The calculated ﬁrst ionization energies I(N,N) of the minimal CI model, in atomic
units, are as follows: He 0.8477, Li 0.1912, Be 0.3237, B 0.2346, C 0.3142, N 0.3960,
O 0.2708, F 0.3958, Ne 0.4141. The experimental ionization energies [Huh93] are
He 0.9036, Li 0.1980, Be 0.3426, B 0.3049, C 0.4138, N 0.5341, O 0.5000, F 0.6402,
Ne 0.7925.
Figure 3 shows that the qualitative prediction for the ionization energies is very
good when compared to experimental data. In particular, all local minimizers (H, Li,
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Fig. 3. Experimental (dashed) and minimal CI (solid) ionization energies.
B, O), local maximizers (He, Be, N), global minimizers (Li), and global maximizers
(He) are predicted correctly. This is all the more remarkable when remembering that
tiny eigenvalue diﬀerences for partial diﬀerential operators on very high dimensional
spaces up to R27 are under consideration here.
Quantitatively, for the smaller atoms our results are comparable to (and in case
of Be better than) MDHF calculations with much larger basis sets up to 20s11p
[JAH01]. For the larger atoms the minimal dimensionality of our CI subspace ﬁnally
makes itself felt, and a larger subspace (e.g., as described at the end of section 2.4)
would be needed to make the qualitative agreement quantitative.
Again, it is also instructive to make a comparison with the PT model [FG09]. Its
ionization energies, which are easily read oﬀ from the exact results of [FG09], even turn
out to have the wrong sign. This shows that relaxation of orbitals is important for the
description of ionization processes, and that the relaxation step (C) in the minimal
asymptotics-based CI model is essential for understanding the nontrivial experimental
graph in Figure 3.
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